Abstract. These lectures present the theoretical basis of our understanding of the large scale structure of the universe. The different types of primordial metric fluctuations are described as well as their evolution from super-Hubble to sub-Hubble scales in the local universe. It is shown how the only adiabatic mode can explain what we have so far observed of the large-scale structure of the Universe.
INTRODUCTION
The large-scale structure of the Universe, with observational signatures such as the Cosmic Microwave Background (CMB) anisotropies and polarization has become a new pillar that supports the hot-big-bang scenario. It provides us with unprecedented means of investigation not only for determining the basic cosmological parameters but also for exploring the physics of the very early universe. This modern construction culminated a few years ago with the formulation of the cosmological concordant model. This model makes assumptions on the content of the universe, dark matter, dark energy, that certainly awaits further confirmation. It also incorporates the existence of primordial adiabatic metric perturbations assumed to be the seeds of the observed large-scale structure of the universe. The goal of these lectures is precisely to explore the physics of gravitational instabilities, from the early universe to the late type large-scale structure formation, that is the cosmic history of the metric fluctuations.
A lot of what these lectures cover is described in details in [1] . I will start here with the description of the gravitational instabilities in the local universe where Newtonian gravity is assumed to be correct. That will give the opportunity to introduce the ingredients and tools that will be used throughout the lectures, phase space density functions, Liouville equation, identification of modes, etc. This is the content of the next section. The following section is devoted to an extension of those results to scales that are larger or comparable to the (apparent) horizon size and to more complex fluids. We will then be in position to construct the transfer function that determines the scale dependence of the observed density fluctuations. Finally the last parts of those notes are devoted to 
THE GROWTH OF PERTURBATIONS IN THE LOCAL UNIVERSE
We owe to G. Lemaître (see [2, 3] ) the idea that the large-scale structure of the universe grew because of gravitational instabilities out of primordial small inhomogeneities. At that time, however, basic knowledge on the thermal history of the universe were missing (not to mention the existence of dark matter) and this is only recently that this work program could be completed. The description of the growth of gravitational instabilities in the local universe is described in detail in [4] and [5] . So the object of this section is to describe the growth of perturbation in the local universe where the Newton dynamical laws are assumed to apply. To be more precise it is assumed that the distances of interest are small compared to the curvature radius of the universe so that, as soon as the local gravitational potentials are small, general relativity effects are negligible.
Newton Dynamics
So let us start assuming that the universe is full of dust like particles whose only interaction is gravitational. For simplicity it is assumed that their masses are all the same.
The motion equation for each particle then reads,
where ρ(r) is the local density at physical position r. We then introduce the new coordinate variables, x and x ′ with, r = a x and r ′ = a x ′ where a is the expansion factor. Moreover we introduce the local density contrast, δ (x), with ρ(x) = ρ(1 + δ (x)).
Then, when expressed in terms of x, the formal expression of dv/dt contains the term a x that cancels G a d 3 x ′ ρ(x ′ − x)/|x ′ − x| 3 (if one allows himself to use the Gauss theorem in such a context). It leads to the following expression in terms of the peculiar velocity, u, difference between the physical velocity and the Hubble flow,
The next stage is to introduce a collection of particles and their corresponding phase space density, f (x, p) d 3 x d 3 p, that is the number of particles per volume element d 3 x d 3 p where the particle momentum is defined as,
Then the conservation of the particles imply that the total time derivative of f vanishes so that
where n is the spatial average of f (x, p,t)d 3 p. This is the Vlasov equation. This is the equation that the N-body simulations attempt to solve. In the context of long-range interaction, in an expanding media, no peculiar solution of this equation is known. The first few moments of this equation gives the conservation and Euler equations, respectively ∂ δ ∂t
and
where u is here the mean velocity of the particles at position x and σ i j the velocity dispersion at this position. The latter enters in the right hand side of the Euler equation and is responsible of the anisotropic pressure.
Single flow approximation
In a cosmological context though, the early stages of the gravitational instabilities are characterized, assuming the matter is non-relativistic, by a vanishing velocity dispersion.
To be more precise the velocity dispersion is assumed to be much smaller than the velocity gradients induced by the density fluctuations of the scales of interest. This is the single flow approximation. It simply states that
to a good approximation. This approximation will naturally break at the time of shell crossings that is when different flows -pulled toward one-another by gravity -cross. A sketch of what the phase space looks like is shown on Fig. 2 . The multi-flow regions will eventually lead to the formation of astrophysical objects through a complicated phase of relaxation (virialization). The description of these phenomena is however beyond the aim of these notes (see however the lecture notes of R. Sheth, this volume).
To get a tractable set of equations one needs a further approximation: the linear approximation in which the density contrast δ and the velocity gradients (in units of H), 1/(aH)∂ u/∂ x, are assumed to be smaller than unity. The linearized conservation equations, Eqs. (7, 8) , together with the Poisson equation,
for the density contrast. It is to be noted that the spatial coordinates are here a mere label. That implies that the linear growth rate of the fluctuations will be independent on scale. This time dependence is solution of
that has one growing and one decaying solution. For an Einstein de-Sitter background the growing solution reads,
that is D EdS + (t) is proportional to the expansion factor. This result gives the time scale of the growth of structure. This is what permits a direct comparison between the amplitude of the metric perturbations at recombination and the density perturbation in the local universe. Note that it implies that the potential, for the corresponding mode, is constant (see the Poisson equation).
In the following we will see how these results can be extended when the content of the Universe is no more assumed to be dust like and when the scales of interest are comparable or larger than the Hubble radius.
Modes and statistics
In the following the density contrast will be decomposed in Fourier modes that, for a flat universe, are defined such as,
or equivalently,
The observable quantities of interest are actually the statistical properties of such a field, whether it is represented in real space or in Fourier space. The Cosmological Principle, e.g. that the assumption that the Universe is statically isotropic and homogeneous, implies that real space correlators are homogeneous and isotropic which for instance implies that δ (x)δ (x + r) is a function of the separation r only. This defines the twopoint correlation function,
In Fourier space, the two point correlator of the Fourier modes then takes the form,
where P(k) is the power spectrum of the density field, e.g. the cross-correlation matrix is symmetric in Fourier space. For a Gaussian process the power spectrum fully characterizes the random field under consideration. Higher order correlators can then be entirely constructed from the power spectrum (from pair associations) so that,
This is the application, for a stochastic classical field, of the Wick theorem. The global shape and amplitude of the cosmological density power spectrum has now been determined with a reasonable accuracy. It is shown on Fig. 3 where the results of different probes (galaxy catalogues, X-ray clusters, cosmic shear, Lyman-α forest) are collected together. The result we have obtained in the section simply states that the power spectrum grows like a 2 (t) in the linear regime but its shape is unchanged during the matter dominated era. The shape of the power spectrum can be explained only when the physics at recombination is taken into account.
THE COSMOLOGICAL METRIC PERTURBATIONS

Horizon and scales
To set the stage for those calculations let us first define the horizon size or rather the Hubble radius. We can generally define the conformal time η as
so that the metric now reads,
where 3 g ab is the 3D metric of an homogeneous space of constant curvature K. In this time variable (with a prime denoting a derivative with respect to the conformal time), expansion factor, a FIGURE 3. The different regimes that intervene in the study of the growth of gravitational instabilities. Those regime are, on the right panel, represented in log scales in a a − k plane, where a is the expansion factor and k is the wave length of a given mode. The horizontal lines show the time of different stages of the thermal history of the Universe. The thin line represents the radiation to matter dominated universe transition. It takes place at a redshift of about 3000. It does not only affect the change of growh rate of the expansion factor, it also changes the dominant source term of the Poisson equation. The thick solid line is the time of recombination. This corresponds to the observational window of the CMB anisotropies and polarization and it corresponds to a redshift of about 1000. The thin dashed line corresponds to the recent acceleration of the universe due, a priori, to the existence of a cosmological constant. Although it has important consequences, it plays a significant role only for low redshift effects. In particular the existence of a cosmological constant does not affect the physics of recombination. The other important line is the "horizon crossing". The modes are super-Hubble before horizon crossing and become sub-Hubble after. One sees that all modes are initially super-Hubble in a radiation dominated Universe. Their fate however will depend on the precise sequence between horizon crossing, radiation to matter dominated universe, and recombination. The left panel shows the local matter power spectrum as inferred from different probes (Fig. taken from [6] and references therein). The CMB measurements probe the universe at recombination time ; the other methods probe the universe at rather low redshifts. the Friedmann equations read (H = a ′ /a),
which implies that,
where 8πG = 1/M 2 Pl . Note that the relation between a and η can actually be given. It is
if η = 0 at a = 0. In standard cosmology 1 , the particle horizon reads for a flat space,
and is finite. This is nothing but η.
Then for a given mode k we will say that a mode is "larger than the horizon" if k η < 1. η being a growing function of time, there exists a time for which, for a given k we have k η = 1. This is the "horizon crossing". It is shown on Fig. 3 .
Note that in the context of inflation, the horizon grows to an exponentially large scale. It is then more adequate to speak of the "apparent horizon" or the Hubble radius defined as,
a/a eq. 1 + a/a eq.
.
In the following I will use the two indistinctly.
SVT decomposition and gauge degrees of freedom
The exploration of the cosmological perturbations demands in general much more care than for the Newtonian limit. In particular it is not possible to write a Liouville equation a priori for the particle content of the Universe (well we do not know how to solve the general Einstein equations!).
The main difference with the derivation presented in the previous part is that the metric perturbations have, together with the stress-energy tensor components, to be linearized before hand. This first stage of the calculation is then to identify the proper -the physical -degrees of freedom in the metric tensor. One should indeed identify the gauge degrees of freedom that a given representation might hide. This construction has been initially done by Bardeen in [7] .
Let us assume that the large scale metric perturbations can be described from a perturbation of (21),
where h µν ≪ 1. The crucial part of the construction is to take advantage of the spatial homogeneity of the unperturbed metric. In general one can indeed define the covariant spatial derivative,
where the affine connections are defined with respect to the 3D metric, 3 g ab . We then are interested in the properties of the metric perturbation with respect to the 3D metric. Scalar perturbations are those invariant under spatial rotations. Such perturbations are then decomposed into modes X that are the eigenfunctions of the 3D Laplacian. They are labeled with vector modes k is,
Obviously for a flat space, the plane waves are example of such modes (but they are not the only possible modes). Such a solution can be used to build a vector field,
and to rank-2 tensor (symmetric and traceless)
There however exist perturbations that cannot be built out of scalar perturbations. Divergence free vector field V a are vector perturbations. They are also decomposed in Fourier modes, V
From which it is possible to build a traceless rank-2 tensor,
Finally divergence free traceless tensor fields are tensor perturbations. They can be decomposed in modes, T
Vector perturbations cannot be derived from scalar perturbations, nor tensor perturbations from either scalar or vector. This is the origin of the Scalar-Vector-Tensor (SVT) decomposition. It states that those modes evolve independently of each other in the linear regime (e.g. the fact that the Einstein equation involve only second order derivative operators insures that). Different modes also evolve independently. For a given mode k there are a priori four scalar degrees of freedom, two vector modes and one tensor (with two polarizations). Some of these modes can however be absorbed into gauge transformations.
The gauge degrees of freedom originate from the fact that some metric perturbations can be reabsorbed into time and space redefinition. Those transforms (η, x) → (η,x) are such that they leave the physics unchanged,
Obviously such changes of variable can also be seen as infinitesimal coordinate transforms that can be decomposed into scalar and vector modes (but these transforms cannot involve tensor perturbations). More precisely such transforms can absorb two scalar degrees of freedom and one vector degree of freedom. We are then left with two genuine scalar degrees of freedom in the metric perturbations, one vector and one tensor. But we have then a gauge freedom in the choice of the metric components we decide to perturb. Complete calculations (see [7] ) show that a possible choice is
for the scalar perturbations. This is the longitudinal or Newton gauge.
In the following these are the scalar perturbations I will be interested in, and this is the gauge I will use.
Adiabatic and isocurvature modes
To pursue our exploration of the primordial fluctuations one then needs to perturb the stress-energy tensor for each cosmological species 2 ,
where ρ a and P a are the local energy density and pressure of a given fluid a. δρ a and δ P a and the relative fluctuations of those; V a is its energy flux and Π a i j is the traceless anisotropic pressure. Note that all these quantities are assumed to be scalar or to derive from scalar quantities in the meaning of Eqs. (33, 34) . Then the energy conservation leads to,
which for a fluid of constant equation of state leads to,
The momentum conservation reads,
For a vanishing anisotropic stress and a given equation of state we then have,
This is the generalization of the Euler equation for a fluid of a given equation of state. The full resolution of the mode evolution is obviously quite involved. Let us start with super-Hubble modes. The conservation equation for a given fluid can be rewritten as
taking advantage of ρ ′ a = −3H (ρ a +P a ). For super-Hubble modes microphysics should not play any role 3 and different fluids should have a well defined equation of state. Then the right hand side of Eq. (50) vanishes. The vector contribution to this equation is also expected to vanish. As a result, for each fluid x we should have,
For two fluid components (labeled say with a and b) we then have,
so that the quantities
are constant at super-Hubble scales. These are the so-called isocurvature modes 4 .
If those quantities all vanish then one can check that
where ρ T = Σ a ρ a , δρ T = Σ a δρ a , is preserved. This is the adiabatic mode 5 . It is interesting to note that generic inflation predicts only adiabatic modes. And I will try to show that all 6 what we have so far observed about the large-scale structure of the universe, from CMB anisotropies and polarization to local galaxy surveys, can be explained by these only adiabatic scalar metric fluctuations. This lecture is mainly about the description of the cosmological history of the adiabatic modes, from origin to observation(s).
TRANSFER FUNCTIONS
The aim of this section is to determine how the primordial metric fluctuations are being transformed as they cross the horizon and when the physics of recombination is taken into account. The earlier explorations of these physical mechanisms date back late 1960 and 1970 (see in particular [8] and [9] ) but was later developed to lead to the formulation of the Cold Dark Matter (CDM) models in the 1980 [10, 11, 12] . These works described the core ingredients of the current concordant model, namely the role of a CDM component in the shape of the transfer functions.
Einstein equations, Super-Hubble evolution
Whereas the conservation equations apply to each of independent fluids, the Einstein equations apply to the sum of the fluid components that will be described by the following quantities,
The Einstein equations can be split in thee parts,
Note that these three equations are not independent when the conservation equations are taken into account. The first two equations can be rewritten as,
which generalizes the usual Poisson equation. It is actually possible to choose a gauge were V T cancels so that this equation takes formally the same form (but that implies that there are mix components in the metric). Such an equation suggests anyway that one can define ∆ a , for a given fluid component as,
so that the source term of the Poisson equation is ∆ T . The purpose of the following calculations is to determine the solution of these equations. They will depend in general on the microphysics, which determines the relation between the fluid density and (isotropic and anisotropic) pressures, etc.
At superhorizon scales, microphysics does not play any role and an explicit solution can be given in terms of the potential. It is
where R, which is nothing but the adiabatic degree of freedom defined in (54), is constant. That implies that the gravitational potentials are constant in both the radiation and matter era with the following relations,
respectively for the former and the latter. It is even possible to give the explicit time dependence of Ψ for both eras,
Together with the Poisson equation, that gives the initial time behavior of the potentials before horizon crossing. It is remarkable however that the motion equations (matter conservation, Euler and Poisson equations) are formally independent on the horizon size during the matter dominated era (if the density contrast is expressed with ∆). The previous expression thus extends to the local universe for modes that cross the horizon during matter domination.
Recipe for transfer function computations
To define transfer functions in cosmology one can take advantage of the fact that the potentials are constant both during radiation era and in the local universe 7 , so that the quantity, T (k), defined as,
is well defined. From the remark of the previous paragraph it is clear that T (k) reaches a constant when k → 0 and that that constant is 9/10. To compute of the full k dependence of T (k) one needs to follow steps that are similar to those we have used for the calculations we did in the local universe:
1. compute the motion equation for each particle (photons, baryons) in interaction with gravitational potentials and other particles; 2. derive the Liouville equation for each fluid density functions; 3. derive a system of hierarchical equations that relate the moments of the density functions; 4. close this system with the Einstein equations.
The matter transfer function in the fluid limit
The photon multipole equations, without interactions
The cosmic fluids which require most attention are the fluids of relativistic species. They indeed will lead to a whole hierarchy of coupled equations describing the moments of their energy angular distribution. In the following the variable used to describe the phase space density function of such particles will be their energy and their direction of propagation. The energy p of a photon is defined as
and its direction is γ i , proportional to p i and with
Formally the Liouville equation for a collection of photons (for the time being not including their interaction with the electrons) then reads,
Once again, the dynamical equations ought to be linearized to first order at this stage. That means that we are going to assume that f departs only weakly from the energy distribution of the photon for the homogeneous universe, f 0 , corresponding to blackbody distribution of photons of (time dependent) temperature T 0 ,
Note that because the universe is isotropic, the third term of Eq. (68) vanishes at first order. The only non trivial contribution therefore comes from the expression of the time dependence of p at first order in metric perturbations. The geodesic equation, applied to the 0 component of p µ leads to the relation,
It is important to remark that the energy variations of the photons are always proportional to their own energy. Gravitational effects on a collection of photons following a black body spectrum can then be expressed as a mere temperature fluctuation. Let us define θ (x, γ) the local temperature fluctuations at position x and in direction γ 8 . It is related to the local energy density ε as,
where ε(x, γ,t) = 4πg (2π) 3 p 3 dp f (x, p,t) = 1 π 2 p 3 dp f (x, p,t),
The Liouville equation in the θ variable then reads,
As for the case of the local universe this equation can be replaced with a hierarchy of equations. The writing of this hierarchy can be simplified because of the existence of a peculiar direction, e.g. that of k. That means that θ (x, g) can be expended in Legendre polynomials with respect to this direction,
where P l are the Legendre polynomials. Then taking the moments of the Liouville equation leads to the following hierarchy,
At this stage this is a mere rewriting of the general Liouville equation. And contrary to the case of massive particles, this hierarchy cannot be a priori truncated.
The photon multipole equations, with interactions
The interest of this hierarchy comes from its extension when the coupling with the electrons is taken into account. The dominant interaction of the photons with the matter is (by far) the scatter of the photons against the electrons,
Taken that into account leads to the following Boltzmann equation
where C[ f ] is the collision term. Formally the latter reads,
with
and where g is the electron phase space distribution function and M is the Lorentz invariant matrix element whose square gives the transition probability from one state to another (the δ (4) (p γ + q e − p ′ γ − q ′ e ) factor has been explicitly factorized out). The collision term is however to be computed in a regime where the electron mass is much larger than the temperature of the photons (this is the Compton limit). That implies that the energy transfer between the electrons and the photons is negligible. The net effect of the interaction is, in the rest frame of the electron, a redistribution of the direction of the incident photons.
In general we have (in the incident electron rest frame),
where ε f and ε i are the polarization vectors of the photons. Neglecting the energy transfer (which is legitimate) and the polarization effects (which in general is not) leads to,
is the variation of the optical depth τ that can be rewritten in terms of the Thomson cross section σ T and the fraction of free electrons x e n e . The resulting hierarchy is the following,
This set of equations is closed when one adds the conservation equations for the matter. The matter conservation reads
for both the baryons and the dark matter. To get the Euler equation for the baryons suffice is to write the conservation equations for the plasma of photons and electrons, that with the use of Eq. (88) leads to,
The Euler equation for the dark matter is similar to that for the baryons when the second term of the right hand side of Eq. (92)
We are now fully equipped to follow the time evolution of the cosmological quantities of interest. If it is difficult in general to give a full account of the solutions of these equations, the first stages of the density contrast evolution can easily be understood.
The tight coupling regime
The behavior of the equation is to a great extent determined by the strength of the coupling between electrons and photons. As expected, the coupling is large in the past due to the large number density of free electrons. Actually that justifies the use of a 1/τ expansion till a time close to the recombination to explore the properties of the solutions of this hierarchy. At leading order in such an expansion it is easy to show all multipoles of order 2 and larger vanish. This can be understood as due to the fact that when the photons are tightly coupled to the baryons, their energy distribution is isotropic in the rest frame of the baryons.
Then the plasma energy fluctuations can be calculated in this regime. For instance, eliminating δ e and V e leads to the second order equation in θ 0 ,
In the R → 0 limit this equation described the evolution of the temperature fluctuations in a pure radiation medium. When R → 0, it is that of a non-relativistic medium. That is that of the dark matter component,
(whose left hand side which is nothing but (11) written with time variable η). The Poisson equation is then a key ingredient that sets the behavior of the solution of these equations: before equivalence Ψ is driven by the radiation density fluctuations and by the matter density fluctuations after equivalence. Note that in all cases, when the kc 2 s is large enough (e.g. than H 2 ) then a WKB type approximation can be applied and the solutions of equation (94) takes roughly the shape, We can now try to understand the curves of Fig. 4 that show the behavior of the solution of the hierarchy equations in the tight coupling regime.
For a model with a significant amount of Cold Dark matter (CDM) the scenario is the following.
1. At super-Hubble scales all density contrasts behave identically. This corresponds the adiabatic mode assumptions 9 . The generalized density contrasts grow like η 2 . 2. After horizon crossing, if it takes place before decoupling, the plasma baryons+photons develop acoustic oscillations as the resolution of Eq. (94) shows. This implies a suppression of the gravitational potentials during the radiation dominated era. Meanwhile the dark matter component, following Eq. (97), grows like ln(a) (this the growing mode of this equation when its r.h.s. drops). 3. In the matter dominated era the source term of the Poisson equation is dominated by the matter density fluctuations. The dark matter density contrast then grows like η 2 (that is like a). The density contrast in the plasma is still oscillating.
4. After decoupling the photons propagate freely (and develop higher order non zero multipoles that we see today), the baryons fall into the potential wells of the dark matter.
Note that the duration of step 2 depends on the value of k. This is what determines the growth features of the transfer function. Note also that CDM is a crucial ingredient. It indeed sustains the growth of structure between horizon crossing and the recombination. The resulting transfer function shapes are shown on the left panel of Fig. 5 . The Hot Dark matter (HDM) case clearly contrasts with the CDM cases. In the former there are no non-relativistic particles to sustain the growth of structure during phase 2. As a consequence perturbations of scales below the horizon size at decoupling are strongly suppressed. Conversely, for CDM models the growth of structure is only momentarily frozen. It leads to a power-law decrease of the amplitude of the fluctuations (with a k −2 slope in the (very) high k limit). The difference between the concordant model (in which 70 % of the present day universe is due to a cosmological constant) and a standard CDM is due to the change of the time of decoupling. It is sooner in the former case shifting the position of the turnaround to larger values. In the concordant model the baryons also account for a larger fraction of the matter content of the Universe, enough to slow down the growth of instabilities in the dark matter fluid after decoupling. That leads to the presence of discernible acoustic oscillations in the resulting matter transfer function (those oscillatory features have now been detected).
All those differences and features are clearly visible on the power spectra shown on the right panel. Those have been obtained assuming that the primordial metric perturbations were following an Harrison Zeldovich spectrum which, for the density field, implies that
The observed power spectrum then takes the form
Those curves are to be compared to the actual observations on Fig. 3 -left panel.
The CMB anisotropy and polarization power spectrum
As it has already been mentioned a major window for observational cosmology is the Cosmic Microwave Background (CMB) temperature anisotropies and polarizations. Detailed CMB maps of temperature, and to a lesser extent, polarization have been produced. We will not consider here the polarization case 10 . The temperature anisotropies are usually decomposed in spherical harmonics,
where the statistical isotropy of space imposes that the ensemble average of the product of two such coefficients takes the form,
Here we will sketch the calculations of the C l power spectrum. Actually, the very same physical processes shape the matter transfer function and the CMB temperature anisotropies and polarization. The main difference is that the CMB observational window is rather focused on the radiation fluid at recombination time. Detailed calculations of those power spectra makes use of dedicated numerical codes to follow the detailed evolution of the hierarchy equations and projection effects (after early works, in particular by R. K. Sachs and A. M. Wolfe [13] , that investigated the essential phenomena, computations methods were developed in the 1990 to culminate with precise numerical codes that incorporate all those effects. See in particular [14, 15, 16] ). Furthermore at the level required by the current observations one needs to take into account,
• the existence of neutrinos that introduce a non-zero anisotropic pressure as soon as modes cross the horizon; • the polarization degrees of freedom of the photons that start to play a role during recombination.
Although those effects significantly alter the resulting CMB anisotropy spectra, the qualitative properties of the development of the multipole coefficients are the same. Taking into account the finite free path of the photons also affects the amplitude of the modes through the Silk damping effect. It contributes, with the finite size of the last scattering surface, to damp the CMB anisotropy scale. The end result of detailed calculations can be expressed with the use of a generalized transfer function, T m l (k), which determines the amplitude of spherical harmonic coefficients a lm as induced by a mode of wave mode k, The transfer function T m l (k) encodes both the projection effects (that takes into account the width of last scattering surface) and the acoustic oscillations.
The bottom panel of Fig. 6 compares the concordant model (solid line with grey/red band that represents the intrinsic cosmic variance effect) with the data collected from various experiments. The WMAP data point correspond here to the five year data (Figure taken from [17] ).
The remarkable agreement between the theoretical predictions and the observations is one of the major success of the standard model of cosmology over the last few years. Those observations are entirely compatible with primordial Gaussian adiabatic fluctuations with a power-law spectrum whose index is close to unity. More precisely the WMAP data (three years) give the constraints collected in table 1.
The mere fact that there are no strong indications in favor of a spectral index significantly different from unity shows that such observations may provide some insights into the physics of the early universe, namely into the physics of inflation.
INFLATION
It is important to note that the CMB observations strongly support the assumption that the metric fluctuations we see today originate from apparent super-horizon effects. Designing a mechanism that could generate such fluctuations is far from easy. In the context of standard hot-big-bang common thermal fluctuations for instance cannot induce such metric fluctuations. The most elaborate model of such type was based on the formation of topological defects through the Kibble mechanism [19] ; it proved however unable to account for the acoustic oscillations as now observed in the CMB data.
The inflation model, or rather paradigm, is multifold. This is first the assumption that the universe underwent a phase a accelerated expansion. We will see that it precisely helps to solve the point I just made. Secondly the models of inflation we have at our disposal today (almost) all rely on a scalar field, the inflaton field, to induce such an accelerated phase. We will see that it is indeed possible, in the context of what we know of quantum field theory, to make such a construction. Finally inflation scenarii also lead to the existence of metric fluctuations that are directly related to the quantum fluctuations of the inflaton field. 
Basics of inflation
There are actually several reasons that point to the existence of a phase of accelerated expansion, e.g.ä > 0:
• the so-called flatness problem is due to the fact that a flat space, that we see today, corresponds to an unstable line (see Fig. 7 ). Allowing a significant accelerated phase makes this region dynamically attractive and can therefore ensures we can live there; • In the context of some models of high energy, the absence of monopoles, or various relics, can only be accounted for if they have been diluted away by a rapid expansion; • finally the horizon problem emerges because we see coherent structures that span scales that are larger than the apparent horizon size at the time we observe them. That includes the temperature of the last scattering surface but also metric fluctuations as mentioned before.
The existence of a phase of accelerated expansion solves all those problems. In particular it means that the super-hubble metric fluctuations we dealt with could have When an inflationary phase is supposed to have taken place during an early phase of the expansion, modes of observational interest may have crossed the horizon twice. At sub-Hubble scale, modes are subject to the effects of the micro-physics, whether it is for their formation during inflation or their evolution in the late time universe. During super-Hubble evolution, these modes are encoded in a pure geometrical quantity R which is preserved and can be expressed in terms of the metric potential Ψ and a physical quantity X whichever it is (field value, density contrast, etc.). The "magic" of inflation is to make observable super-Hubble modes causal and therefore subject to physical modelization.
emerged of causal processes. This is illustrated on Fig. 8 where it is shown that, in the context of inflationary physics, modes of interest have crossed the apparent horizon two times, during inflation and slightly before recombination. The aim of this section is therefore to complete the history of adiabatic fluctuations in this context. The most pressing question we have to solve is the origin of the accelerate expansion. In the context of general relativity it implies that the effective energy density ρ and pressure P of the cosmic fluid are such that ρ + 3P < 0. Certainly no regular particles can do the trick; neither a pure cosmological constant that does not provide any exit 
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FIGURE 9.
Phase portraits of the Friedmann and Klein-Gordon equations for quadratic potential (top) and quartic potential (bottom). They show that in both cases there exists an attractive trajectory. The inserted figures gives the time evolution of the field VEV (solid line) and equation of state parameter, P/ρ, (dashed lines) as a function of time (arbitrary units) for the attractive trajectories. When the field VEV is large enough they correspond to an inflationary phase (P/ρ < −1/3). solution 11 . A solution suggested by the marriage of quantum field theory and GR is the effect of a scalar field whose quantum state can be made close to that of a Bose condensate with a non-zero tension (e.g. a negative pressure opposed to the energy density). That amounts to take the following action
11 With a pure cosmological constant a phase of accelerated expansion would not end! very seriously! The energy density and pressure of such a fluid, assumed homogeneous,
and we can now explore the phase space of the (classical) evolution of the field (assumed to be homogeneous) to see whether states with ρ + 3P < 0 are possible. The motion equation of this field is the Klein-Gordon equation derived here for a FRLW metric,
where H is given by the Friedmann equation. The solution of this equation is illustrated on Fig. 9 that shows the trajectories in phase-space for models with quadratic (top) or quartic (bottom) potentials. In both cases it can be observed that there exists an attraction basin that leads to a regime where the equation of state is below −1/3. This is obtained when the so-called slow-roll conditions are satisfied. The slow-roll conditions apply to the first and second order derivatives of the potential,
that should be both smaller than unity, ε ≪ 1 and |η| ≪ 1. For instance for the quadratic and quartic potentials they are given respectively by, ε = η = 2M 2 Pl /ϕ 2 and ε = 8M 2 Pl /ϕ 2 and η = 12M 2 Pl /ϕ 2 . It is clear that those conditions are satisfied when ϕ ≫ M Pl . This might be a problem for this class of model. We will come to that later.
Inflaton fluctuations as a source of the large-scale structure
Inflationary models would be a mere curiosity if they were only models for a phase of accelerated expansion. The point is that they also, with the very same ingredientnamely the action (105) -provide us with a compelling model for the origin of the large-scale structure of the universe. Indeed the quantum inflaton fluctuations can be shown to induce metric fluctuations. In general, quantization in curved space time is an involved and complicated problem. For the case of de Sitter (or rather quasi de Sitter background) the quantization can be pursued without any ambiguities (at least for a flat spatial curvature).
In presence of an inhomogeneous scalar field, the Einstein equations (in the longitudinal gauge) read,
where δ ϕ are the field fluctuations,
and the motion of the field δ ϕ is,
when the relation Φ = Ψ is taken into account and once a mode k has been chosen. It is interesting to note that the right hand side of this equation vanishes in the slow-roll limit. That corresponds to a massless test scalar field in a de Sitter space time. As we will see the calculations can be pursued explicitly in this limit.
In general the quantization of a scalar field is done such that the commutator between observables associated with conjugate field variables is
where ϕ and π are quantum operators. This is precisely the same constraint we want to impose on the inflaton field δϕ (replacing i δ (3) (r 1 − r 2 ) by
. This is after all a straightforward consequence of the application of the equivalence principle in general relativity. Such a relation is usually ensured through a decomposition of the field in Fourier modes and the introduction of the creation and annihilation operators a † k and a k . Those are assumed to obey the following relation,
The construction is actually simple for motion equations that have a generic kinetic term (for which the canonical variable π is nothing butφ). In the slow-roll limit that would imply to make the change of variable,
the equation of motion of which would be
In general however the scalar perturbation will be a linear combination of field fluctuation and gravitational potentials. The construction of the adiabatic variable R(t, x) (e.g. Eq. 54) can guide us. So let define u such that it writes
and is proportional to R in the super-Hubble limit. That implies that
and u = −zR. It is most remarkable that the equation (115) is then changed into,
without any approximation. It can actually be checked that in the super-Hubble limit the time dependence of u is that of z which is what we expect if R is constant. Eq. (122) is the motion equation of a free field with a time dependent mass. Remarkably, all the complicated contributions that arise in the right-hand side of Eq. (115) have been absorbed in this change of variable.
To pursue the quantization of the field, one actually needs the expression of the action written in terms of u. To total derivative terms, it takes the form,
Then one can expand u in Fourier modes
It is a simple exercise to see that the commutator in Eq. (116) is then proportional to (i/a 3 ) δ (3) (x 1 − x 2 ) times the Wronskian of the two solutions of the second order motion equation of u. The fact that the latter is constant ensures the condition (116) can be fulfilled. And this is possible for any potential V (ϕ) whether it obeys the slow-roll conditions or not.
In the latter case the calculations can indeed be done completely. The properly normalized solutions are
This peculiar example should however attract our attention to the fact that there is an ambiguity in this construction. We have a priori the freedom to choose which solution should be associated to a k and which to a † k , e.g. which mode corresponds to the creation of a particle and which modes to its annihilation. In the de Sitter case the ambiguity can be cleared up from the limit kη → ∞ that corresponds to the Minkowski limit (and indeed in this limit one duly recovers the expected behavior for Ψ, e.g. Ψ(k) = exp(i kη)/ √ 2k. This corresponds to the so-called Bunch and Davies vacuum.
Let us pursue the phenomenological analysis of the solution (125). In the limit kη → 0 (super-Hubble limit) the inflaton field takes the form
with,φ
In this limit the field δϕ behaves exactly like a classical stochastic field (technically it corresponds to a squeezed state). Classical ensemble averages, ... , are then nothing but vacuum expectation values,
where |0 is the vacuum state (e.g. such that a k |0 = 0 for any k). Moreover it can be checked that the properties ofφ k are such that it describes a Gaussian random field (e.g. Eqs. [18] [19] .
Computing the power spectrum of the metric perturbation is ill defined in the slow-roll limit (it precisely corresponds to the case where the field fluctuations induce no metric fluctuations at all). If one sees the above solution as an approximate form for the Eq. (122), the metric fluctuations R are then those of aδϕ/z where the value of a/z and H should be taken at horizon crossing 12 . In first order in the slow-roll parameters we then have the following properties for the metric fluctuations,
where the indices * correspond to values taken at horizon crossing, e.g. k/(aH) = 1. From the measures of the amplitude of the temperature fluctuations we then have,
That gives an estimate of the value of the Hubble constant during the inflationary phase
as a function of ε. Finally the spectral index can be explicitly computed. In the slow-roll limit it is unity. At first order in the slow-roll parameter it reads,
The current observations of the CMB anisotropies points to a value significantly different from unity. This is a window to the physics of the early universe. These standard inflationary calculations would not be complete without the calculation of tensor mode fluctuations. Those modes are independent of the inflaton field, always exist, and can produce metric fluctuations that can potentially be observed (e.g. gravity waves). The second order action for the tensor modes reads, 12 The relation between the amplitude of the field fluctuations δϕ and R can simply be derived by computing the time lapses δt induced by field fluctuations. Using the Klein-Gordon equation in the slowroll limit we have δt = −3H/V ′ (ϕ)δϕ. The metric fluctuations are then nothing but the variation of the number of efoldings δ N e that such time lapses induce, R = δ N e = Hδt, so that R = 3H 2 /V ′ (ϕ) δϕ. where the sum is made over the 2 polarization degrees of freedom. This equation is very similar to the one of the scalar field. It implies that the amplitude of the tensor perturbations is given by H. They are characterized by a Gaussian stochastic field with two degrees of freedom of power spectrum
The power spectra ratio,
can be computed in the slow-roll approximation,
the current constraints on n s and r are shown on Fig. 10 . As can seen from this figure CMB observations are about to give constraints on the models of inflations. This is then a good time to explore some of the inflation models that have been proposed over the last few years.
Models of inflation
Since the early eighties, numerous flavors of inflations have been proposed. In Fig. 12 , some of the key models that have been proposed over the last 2 decades are mentioned. Note that this diagram is certainly not up to date! In green (light grey) are the models that are mentioned or described in the text. Adapted from figure published in [20] .
The first versions of inflation, R 2 -inflation, proposed by A. Starobinsky (in [21] ), the old version of A. Guth [22] , were the early propositions for an accelerated expansion of the universe. With the chaotic inflationary scenarios of A. Linde (see [23] ) -based on simple power law potentials -we have models of generic inflation as we consider it nowadays. The models proposed in the mid eighties were rather simple model from the field content point of view. In the nineties other models of infation have been developed, hybrid inflation (see [24] ) that avoids the large VEV problem, and models of inflation constructed in the context of super-symmetric or super-gravity models (in particular the so-called F-and D-term super-symmetric inflation presented in respectively [25] and [26] ). The field content of those theories is much more complex. But from a point of view of high energy physics they may be considered as simple, e.g. they involve a simple super-potential. Over the late few years, super-string theory has motivated new classes of models. For instance the construction of the DBI inflation (based on a non-standard kinetic term, the Dirac-Born-Infeld action, see [27] ) and the brane inflation are based on super-string objects.
It is therefore very difficult to sort out or classify all those models. For one-field inflation -for which the action (105) is a valid description -one can roughly distinguish large field value inflation (typically power law potentials) for which ε and η are of the same order and small field values where inflation lasts while the field is sitting on a local maximum of the potential. In this case η during the inflationary period is negative (effective negative mass) and can be much larger (in absolute value) than ε.
Another wide class of models correspond to cases where the end of inflation in triggered by a tachyonic instability in a direction corresponding to another degree of freedom. This is the so-called hybrid inflation with a potential that involves at least 2 scalar fields. One ϕ, in Eq. (138), is the inflaton direction, the other, σ , is heavy during the inflationary period (and therefore does not participate in the metric fluctuations), In such a potential the mass of the σ field is positive as long as the VEV of ϕ is larger than the critical value,
it is negative afterwards, therefore inflation ends when ϕ reaches ϕ c . In such models one can avoid the large VEV issue. Note however that it can lead to the formation of topological defects. This type of potential is generically found in super-symmetric constructions. This is the case in particular for D−term and F−term inflations. Those models are both based on simple super-symmetric (SUSY) Lagrangians. At tree order, those potentials exhibit flat directions that break SUSY (and therefore where the potential is non zero). The actual shape of the potential is derived from the one-loop radiative correction to the potential (derived from the classical formula of S. Coleman and E. Weinberg, [28] ). Generically it takes the form (138) with,
and where both the inflaton field ϕ and σ are complex scalar fields 13 . In those models the field content is much more important than in simple one-field inflation. There are 13 As a consequence, cosmic strings are expected to form at the end of the inflationary period not only several scalar fields but also their fermionic counterparts. Still the phenomenological consequences of those models can be studied along the lines developed in the previous sub-sections.
There are however models where this is no more possible. In particular there are models where coexist several light degrees of freedom that jointly participate in the metric fluctuation. This is the case for multiple-massive fields (N-flation, [29] ), the curvaton model, [30] , modulated inflation [31, 32, 33] , multibrid inflation [34, 35] , etc. In those genuine multiple-fied inflation models, it is to be noted that all field fluctuations have the same spectrum shape, e.g. determined by the amplitude of H. How the field fluctuations are then transfered to the metric fluctuations depends on the details of the models.
There are even models that are based on non-standard kinetic terms and for which the slow-roll conditions do not apply as such. This is the case for the DBI inflation (see [27] ). This is clearly not the aim of these notes to explore those models in more details.
BEYOND THE LINEAR THEORIES: THE QUEST OF NON-GAUSIANNITIES
The final section of these notes addresses the question of whether something can be learnt from the CMB (or any large-scale structure observations) beyond the power spectra. If CMB observations are viewed as a window to the physics of the early universe, one can ask the question whether non trivial parts of the Lagrangian, of the inflationary period sector, could be -directly or indirectly -observed. In principle LSS surveys provide us not only with a reconstruction of the power spectrum of the metric perturbations but also on many other statistical quantities that may show departure from Gaussianities. This section present the tools and basic results already obtained in this quest for non-Gaussianities.
Most of the efforts so far have been focused on the three-point correlation functions or equivalently the bi-spectrum. In the following we will explore what we expect for the bispectrum of the cosmic fields at various stages of the dynamics, from local large-scale structure to the inflationary stage.
Second order calculations for the Newtonian dynamics
Actually, modes coupling due to gravitational clustering is, by far, not a novel subject. It can be traced back to early works by Peebles [4] where the non-linear sub-Hubble evolution of a dust fluid during a matter dominated era was derived. General modes coupling effects, within the same regime, has been extensively studied in the eighties and nineties where a whole corpus of results has been obtained (see e.g. Ref. [5] for an comprehensive review).
Let us derive a simple consequences of such mode coupling effects. When one is interested in the classical evolution of a stochastic field, clearly nonlinear terms in the evolution operators can induce non-Gaussianities out of Gaussian initial conditions. Let us for instance assume that the motion equation of a field, φ , (a scalar field, or a multicomponent object) reads,
where L is a linear operator and the source term S vanishes at linear order. Let us then define G(t,t ′ ) the Green function associated to the linear operator L . The n−order solution in λ for φ would then formally take the form,
where
is the source term written at n − 1 order. That gives the ingredients to compute high order cumulants, e.g.,
that can be re-expanded in λ . We can easily apply this prescription for the local density field starting with the motion equations written in the first section. In Fourier space 14 the conservation and Euler equations, for the one-flow approximation, read,
where k 12 ≡ k 1 + k 2 , where δ D represents the Dirac delta function and where α and β are α(
From such a system it is easy to get the expression of the density and velocity fields to an arbitrary order. In general the n − th order expression can be written in the following way, δ (n) (x) = d 3 k 1 (2π) 3/2 δ (k 1 ) . . .
where f n are homogeneous functions of k i . It turns out that the dependence on the cosmological parameters of these functions is extremely weak. For an Einstein-de Sitter Universe the form taken by F 2 is, 14 To be more precise the Fourier modes are defined as A(k) = then from the relation (159), the leading (tree order) term for the connected part of the 4-point correlation function in Fourier space reads,
. (162) where the function G defined as 0|v(k, η)v(k ′ , η ′ )|0 = δ Dirac (k + k ′ )G(k, η, η ′ ) is given by
in case of a de Sitter background. The expression (162) can then be fully computed. It leads to a four-point correlator that takes the form, χ k 1 . . . χ k 4 c = δ Dirac ∑ k i P 4 ({k i })
where the vertex value ν 3 can be explicitly computed. It is to be noted that, at leading order in 1/(kη) (e.g. in the super-Hubble limit) it takes a simple form
where ζ (k i ) is only weakly dependent on the wave numbers. In the third term of this expression one recognizes the number of efoldings N e that had elapsed since horizon crossing. At leading order in N e that means that ν 3 scales like −λ N e /(3 H 2 ) which is precisely what a classical calculation would give (see [37] for more details). Then the behavior of
as shown on Fig. 16 illustrates another aspect of the transition of quantum to classical dynamics.
The case of standard inflation: a no go result
This procedure has been applied to the inflaton fluctuations, or rather the R field fluctuations, in generic inflation in a paper of J. Maldacena which is now a classical result of this field [46] . It goes beyond the scope of these notes to re-derive his findings 19 . What has been found is that the bispectrum of R scales like the square of its power spectrum with a coefficient which is linear in the slow roll parameters. In other words the metric perturbations are such that they behave as if the second order expression of R, R (2) , behaves like εR (1) 2 . That implie that for generic, single field and slow roll inflation there is little hope to have access to the inflaton sector of the Lagrangian out of non-Gaussian effects.
There are models however where large primordial non-Gaussianities can be induced. This is the case for the curvaton models, DBI inflation and also multi-brid models that have already been mentioned.
CONCLUSIONS
The discovery of the cosmic microwave background in 1965 by A. A. Penzias and R. W. Wilson [47] marks the birth of modern cosmology. This is at that time that the then commonly accepted picture of a steady state evolution of the universe was abandoned, supplanted by the hot big bang paradigm. After 3 decades of tentative steps, the so called concordant model was first formulated in 1995 by J. Ostriker and P. Steinhardt [48] , but it took another 5 years to be accepted as such.
The main ingredients of the concordant model, besides the matter properties that have been directly measured in laboratories and the assumption that general relativity offers a valid theoretical framework, are dark matter, dark energy and primordial adiabatic metric fluctuations as seeds of the large scale structure of the universe. Understandably, the acceptation of a model where the nature/origin of three of its main ingredients is very speculative took time and has demanded indisputable observational evidences. The last decade indeed brought decisive observations in favor of this model. They culminated with the determination of the spectrum of the CMB anisotropy and polarization that proved to be in breathtaking agreement with the predictions of what primordial adiabatic fluctuations were expected to produce. That allows not only a determination of the fundamental cosmological parameters (hence the evidences for dark matter and -to a lesser extent -dark energy) but is also a window to the physics of the early universe.
It is to be stressed that the formation of large-scale structure turned out to be very thrifty. A single scalar degree of freedom, originating from a Gaussian process, is seen
